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Fig. 1. Illustration of smoothing constraints: an arrow between two sam- 
ples means that the difference between these two samples occurs in the 
smoothness measure. (a) Smoothing constraint imposed only on the boundary. 
(b) Smoothing constraint imposed on each sample in the direction towards its 
nearest boundary. 

known and are denoted by 

The reconstruction problem is to find i ik  for k E L such that, 
when combined with (2), they minimize the error in (3 )  among 
all those solutions that satisfy the boundary condition defined 
by (4). In the next section, we describe how to obtain such 
a solution. 

111. OPTIMAL SOLUTION UNDER THE 
SMOOTHING CRITERION 

To be concise, we change to matrix notation in this section. 
Let f represent the vector composed of the original sample 
values f ( m , n )  in B arranged in an arbitrary order, and a 
the vector composed of the transform coefficients a k ,  k = 
0,1,  . . . , N - 1 . Then, the unitary transform defined in (1) 
becomes: 

a = T T f ,  f = T a .  (5) 

Here, T = [ t o ,  t l ,  . . . , t ~ - l ]  , in which t k  is the kth transform 
basis vector consisting of t m , , , k ,  (m, n)  E B . 

Let a, represent the subvector containing the correctly 
received coefficients and ul the subvector including the es- 
timates of the lost coefficients. Further, let T ,  and Tl be the 
submatrices composed of the columns of T corresponding 
to the entries of a, and ul, respectively. Then (2) can be 
represented in matrix form by 

j = T,a, + Tlil . (6) 

The objective function in (3) ,  combined with the boundary 
condition in (4), can now be written as 

The matrices S,, S e ,  S,, and S, depend on the weights 
for the smoothing constraints in the aforementioned four 
directions. In general, these matrices are sparse with nonzero 
entries only on the diagonal and a lower or upper diagonal, 
which correspond to two adjacent samples in one of the four 

directions. The vector b,, be, b,, or bs is composed of zeros 
except at locations corresponding to the samples on one of the 
four internal boundaries (the light gray region in Fig. l), where 
it takes the values of adjacent external boundary samples. 

To illustrate how these matrices and vectors are generated, 
consider the simple case of a 4 x 4 block transform. If f 
is ordered row by row, then each vector can be represented 
by a 4 x 1 block vector, with each block element being a 
4 x 1 subvector composed of the four samples in one row. 
Likewise, each matrix can be considered as a 4 x 4 block 
matrix, where each element is a 4 x 4 submatrix. It is easy 
to see that for S,, the matrix corresponding to the direction 
towards the west, only the diagonal blocks are nonzero. To be 
specific, the block elements of b, and S, are 

i = 0,1,2,3;  S s  = 0, Z # j .  

Here, as defined before, b i , - l  is the value of the ith external 
boundary sample to the left of the block. The corresponding 
expressions for other directions can be derived likewise. 

Equation (7) is a quadratic function of ul since f is linearly 
related to according to (6). Naturally, its minimal point aopt  

is where the gradient vanishes, i.e, 

where 

b = SEb, + STb, + S z b ,  + STbs 

By choosing the smoothing constraint properly, we can 
always guarantee that the matrix TTSTl is non-singular.’ In 
this case, the optimal solution aopt can be obtained by linear 
transformations b and a, as 

aopt = ( T T S T l ) - I T T ( b  - ST,&.) = Ab + Bd, . (9) 

The matrices A and B for different loss patterns can be calcu- 
lated in advance and only the linear transformations defined by 
these matrices are required in loss recovery. The dimensions of 
these matrices and hence the complexity of the reconstruction 
procedure depend on the number of the coefficients to be 
reconstructed. Note that the proposed procedure is effective 
only for the lost DC and some low-frequency coefficients. 
For the missing high frequency coefficients, replacing them 
by zeros usually will yield results similar to those obtained by 
imposing smoothing constraints. Our simulation results show 
that with the 8 x 8 DCT, only the first 15 DCT coefficients in 

‘For a block of size .V, a sufficient condition is that there are at least >V in- 
dependent rows among all the 4V rows of the matrices S ,  S ,  s,, and s, 
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